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Radial basis functions neural networks (RBFNN) are widely used for regression and classification problems.
The topology of this neural network consists of an input layer, a hidden layer containing the radial basis functions
and their centers, and an output layer performing the weighted sum of the values from the hidden layer.

The classical training algorithms for RBFNN are divided into two separate stages. The first stage consists of
an unsupervised algorithm to adjust the centers of the hidden layer. After the first stage is complete, the second
stage is carried out by a (supervised) least squares algorithm to adjust the weights of the output layer. These
algorithms simplify the training problem by dividing it into two separate simpler problems. This simplification
has the shortcoming that there is no interaction and adjustment between these stages.

In this work, we analyse the RBFNN as a mizture of Gaussians, considering that the radial basis functions,
in the hidden layer, are Gaussians. We represent the Gaussian functions of the hidden layer by their mean
vector and covariance matriz. This way, the RBFNN is treated as a global single model, to be trained globally.
We derive an expectation-mazimisation (EM) algorithm to learn the means and covariances of the Gaussian
radial basis functions, from the training set. In each iteration of the EM algorithm, we simultaneously adjust
the weights of the output layer by logistic regression. We exploit ways to combine EM and logistic regression
algorithms. This way, the training of the RBFNN is performed with a global algorithm integrating EM and
logistic regression.

Our approach is tested and compared against the two-stage training algorithms, on synthetic and real data
for binary classification problems. In our tests, the proposed algorithm achieved better performance with faster
training, when compared to two-stage algorithms.

Introduction

Radial basis functions neural networks (RBFNN) are widely used for classification and regression problems.
Since their introduction, in the beginning of the decade of 1980, several training algorithms have been proposed
and developed. In this work, we present a training algorithm which speeds up the training procedure and gives
better performance than the conventional techniques.

This paper is organised as follows. First, we present the RBFNN topology and then we describe the
existing two-stage training algorithms. The global training algorithm is then proposed and presented in detail.
Comparative results between the two types of algorithm are presented and discussed. Based on these results,
some conclusions are presented.

Radial Basis Functions Neural Networks

The RBFNN topology consists of an input layer, a hidden layer containing the radial basis functions and their
centers, and an output layer which performs the weighted sum of the values from the hidden layer. Figure 1
shows the typical topology of an RBFNN, considering a bias term for each neuron in the output layer. Each
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Figure 1: Typical topology of the RBFNN.



output y; of the network is expressed as

k
yi = g(x) :ZBiG(HX_tiH) (1)

where x = [21,23,...,2,]7 is the input, the §; are the weights, ||.|| denotes some norm and t; are the n x 1

centers (vectors). Associated with each neuron of the hidden layer there is a center t; and a Gauss function
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G(a) = exp ( 3 ) In words, each RBFNN output results from a linear combination of the outputs of the

hidden layer. Each output of the hidden layer is obtained by applying a Gauss function to the distance between
the input x and one of the centers t;.

Overview of existing training algorithms

Conventional training algorithms for RBFNN are usually divided into two separate stages [6]. The first stage
learns the hidden layer while the second stage sets the output layer weights. In this section, we briefly overview
several two-stage learning algorithms.

e Fixed centers selected at random [1, 6], in which centers are chosen randomly from the training set. Learns
only the linear weights of the output layer, using the pseudo-inverse matrix (least-squares).

o Self-organised selection of centers. Centers are obtained by the KMeans [3, 6] algorithm and the output
weights are estimated by LMS (Least Mean Squares) [6, 9]. The enhanced KMeans [2] algorithm, which
attains the optimal or near optimal solution when compared to KMeans, can also be used.

e Supervised selection of centers. In this method, a supervised algorithm is used to learn both layers. A
gradient descent algorithm is used with adaption formulas for the linear weights (output layer) and the
position and spreads of the centers [6].

e Strict interpolation with regularisation [6, 15]. This algorithm, built upon regularisation and regression
theories, has four phases: Nadaraya-Watson regression estimate, diagonal input norm matrix (for each
center), regularised strict interpolation and selection of centers width and linear weigths with LOO CV
(Leave One Out Cross Validation) and GCV (General Cross Validation).

e The use of regression trees and decision trees are explored in [12] and [7], respectively. Regression trees
are used to set the number, positions and sizes of all RBF centers. A decision tree, created by the C4.5
algorithm, maps to the centers.

e In [11], an EM algorithm is used on regularised RBFNN. It uses maximum marginal likelihood to the
training data to establish critical parameters of the RBFNN for regression. The EM algorithm obtains
the noise variance and prior weight variance, but not the basis functions widths.

Other training methods and algorithms have been proposed. In [10] regression trees and an EM algorithm are
used to determine the weights, treating them as missing data, as the training data is considered as observed
data. Another approach is taken in [14], in which the expectation-maximisation (EM) algorithm is applied to
learn the entire network, interpreting learning as maximum likelihood problem. The idea to incorporate full
or diagonal covariance matrices into RBFNN appeared in [8], named EBF (elliptical basis function) networks.
The EM algorithm is used to learn the basis functions parameters and least squares determines the weights, on
the second stage of the training. In [13] the basis functions are seen as probability densities and the weights
as prior probabilities. The RBFNN training is seen as a maximum likelihood problem and an EM algorithm is
used to learn the model parameters. Other approaches, interpretations and learning strategies can be found in

[4].

The proposed global training algorithm

Our approach uses the EM algorithm to learn the hidden layer parameters while simultaneously updates the
output layer coefficients. We analyse the RBF model as a mixture of Gaussians, considering that the radial
basis functions, in the hidden layer, are Gaussians. We represent the Gaussian functions of the hidden layer by
their mean vector and covariance matrix. This way, the RBF is treated as a global single model, to be trained
globally. We derive an EM algorithm for learning the means and covariances of the Gaussian radial basis
functions, from the training set. In each iteration of the EM algorithm, we simultaneously adjust the weights
of the output layer by logistic regression [5]. We explore the combination of EM and logistic regression. This
way, the training of the RBFNN is performed with a global algorithm consisting of EM and logistic regression.



Expectation-Maximisation (EM) algorithm
The EM algorithm is applied to estimate the mean vectors and covariance matrices of the Gauss functions in
the hidden layer. We interpret the RBF as a mixture of Gaussians (MOG)

yi = g(x Zaz (9l s, Cs), (2)

where g; is a data point, p; is the mean vector and C; is the covariance matrix. For the Gaussian case we have
the following equations for the E-Step and M-Step, respectively [3, 6].

E-Step - Computes the proportion (weight) of each Gaussian, over the entire set of Gaussians, with the vector
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M-Step - Updates the estimates of the «; coefficients, mean vectors u; and covariance matrices C; according
to
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In equations (3) and (4) we have s € {1,2,...,k} and N is the number of data points. All these parameters are
set to some initial values: the a, coefficients are set to %, the vectors fis have small values and are different
from each other, and the Cy are set to the identity matrix.

Logistic regression
In order to learn the logistic regression model [5], that is, to learn the logistic regression coefficients 8 of the
output layer (according to figure 1), we use the Newton-Raphson step

BB+ (XTWX)'XT(y —p), (5)

repeatedly, starting with g = [0,...,0], the m x 1 vector with the logistic regression coefficients, y is a N x 1
vector holding the class label, X is the N x m design matrix containing the training data passed trough the
model functions (Gaussians, in this case). The ith column of X contains the ith model function applied to
the training data. Vector p has dimensions N X 1 and contains the values of p(z;; 8)(1 — p(x;;5)), where
p(z;; B) = logit(X B), with logit(a) = (1 + exp(—a))~!. Finally, W is a N x N diagonal matrix, whose diagonal
is the vector p. We have also considered the case of W = 0.25 x Iy, (where Iy is the identity matrix), which is a
majorant of the previous matrix. He have seen that produces faster convergence when compared to the previous
matrix. Note that the matrix inversion in (5) is applied on a square matrix of dimensions m, the number of
neurons in the hidden layer.

The algorithms

The idea behind the proposed training algorithms is the combination of EM with logistic regression and learning
the hidden and the output layer parameters altogether. In this section, we detail the proposed global training
algorithms, which are supposed to be carried out until a stopping criterion is met, like a maximum number
of iterations or a given error rate, for example. The input to these algorithms are G, the (n + 1) x N matrix
containing the training data and its class labels and k, the number of hidden neurons. The output are:

e u; and C;, the 1 X n mean vector and n x n covariance matrix of each Gaussian, i € {1,...,k}.

e (- the (m + 1) x 1 output layer coefficients.

EM-Log Algorithm

. Step 0 - Initialisation
w; < random values in the range [—1, 1], C;=1,, B =10...0], ie{l,...,k}.



. Step 1 - Train

Repeat steps 1a) to le) until stopping criterion is met:
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la) Compute the proportion of each center: z; =

1b) Compute the weights of each center: ds = + Zfil 2

N
1c) Update the mean estimate: iy = #
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le) Update the logistic regression coefficients: 8 < 8+ (XTWX) !XT (y — p)

1d) Update the covariance estimate: Cys =

EM-Log-Link Algorithm
The EM-Log-Link algorithm is like the EM-Log algorithm, adding a new step after le), named 1f) defined as
|Bil

S Bl

meaning that the EM a; coefficients for the next iteration are updated according to the logistic regression
coefficients.

P =

Results
In this section, we compare EM-Log and EM-Log-Link with following two-stage algorithms:

e KMeans+LS - KMeans followed by Least Squares [5].
e KMeans+GR - KMeans followed by Global Ridge Regression [5].
e EM+LS - The output layer coefficients are updated by Least Squares, only once, after EM terminates.

e EM+Log - The output layer coefficients are updated by Logistic Regression, only once, after EM termi-
nates.

We consider the case of binary classification, with a network topology of n=2, k=4 and m=1, as shown in
figure 2. This network is trained with the two-stage and the global stage algorithms. In order to access the
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Figure 2: Topology of the network used for binary classification.

generalisation ability of the networks, we have also produced a test set, according to the training set. The
first test set contains 400 points in two dimensions, from two Gaussian classes (200 points per class), while the
training set has 200 points (100 per class). The data points, with classes marked with '+’ and ’o’ along with
the classification results, on the test set, are shown in figure 3. The KMeans and EM algorithm have the same
starting point: the initial centers for KMeans are equal to initial estimates of the mean vectors by EM. We
evaluate the networks on the test set. Using k=4, and after 10 iterations both algorithms achieve 0 errors on the
test set. Note the different classification areas, given by the level curves: for KMeans and the classical RBFNN
we have a radial classification area, while for EM we have ellipsoidal areas, according to the covariance of the
data points.

Now we consider another synthetic data set, with 100 data points on the training set and 200 data points on
the test set. Figure 4 shows the classification results, on the test set, after 15 iterations, with k=6. We conclude
that the EM-Log-Link algorithm achieves zero errors while KMeans+LS attains 15 classification errors. Other
tests, showed that in the case of training data with uniform distribution, there is no appreciable differences be-
tween the algorithms. In the Gaussian case, the proposed algorithms are slightly superior. Finally, in situations



Training set with 100 points Test set with 200 points
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Figure 3: The training and test data sets and a comparison between the classification obtained by KMeans+LS
and EM-Log-Link.

Test set with 200 points Test KMeans+LS - 15 errors 7.5 % Test EM-Log-Link - 0 errors 0.0 %
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Figure 4: The 1test data set and the classification results obtained by KMeans+LS and iEM—Log—Link.

as those reported in figure 4, the proposed algorithms converge faster, specially the EM-Log-Link algorithm.

Using the Ripley dataset, which has a Bayes error of 8%, we compare the two stage algorithms with the
global algorithms, evaluating the number of classification errors on the test set. Using a topology with k=6
we get the results depicted in figure 5, after 2 training iterations. In this test, the EM+LS algorithm attains

Test EM+Log - 101 errors 10.1 % Test EM-Log - 98 errors 9.8 % Ripley Test EM-Log-Link - 97 errors 9.7 %
0 o 0

X

Figure 5: Comparison of EM+LOG, EM-Log and EM-Log-Link on the Ripley test set.

the same error rate as the EM+LOG algorithm. The EM-Log-Link algorithm performs slightly better than the
EM-Log algorithm.



Conclusions

We have presented a global training algorithm for RBFNN, integrating EM and logistic regression; we have
explored two methods to combine these two components. A comparison between the proposed algorithm and
the conventional two-stage training algorithms was carried out for binary classification on synthetic and real
data.

We conclude that the proposed global algorithm achieves faster training and better performance than the
two-stage conventional approach. In the case that classes do not follow an uniform distribution, the proposed
algorithm attains its best results. For the Gaussian case, our algorithm attains its best results when classes
have different covariances with different orientations.

One critical issue is the initialisation of the mean vectors and covariance matrices. In this implementation,
the mean vectors were initialised with a Gaussian distribution with zero mean. For the case of covariance
matrices, we found that they should be initialised with small values; we chose the identity matrix. Future work
includes the generalisation of these algorithms for regression.
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