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tions neural networks (RBFNN) are widely used for regression and 
lassi�
ation problems.The topology of this neural network 
onsists of an input layer, a hidden layer 
ontaining the radial basis fun
tionsand their 
enters, and an output layer performing the weighted sum of the values from the hidden layer.The 
lassi
al training algorithms for RBFNN are divided into two separate stages. The �rst stage 
onsists ofan unsupervised algorithm to adjust the 
enters of the hidden layer. After the �rst stage is 
omplete, the se
ondstage is 
arried out by a (supervised) least squares algorithm to adjust the weights of the output layer. Thesealgorithms simplify the training problem by dividing it into two separate simpler problems. This simpli�
ationhas the short
oming that there is no intera
tion and adjustment between these stages.In this work, we analyse the RBFNN as a mixture of Gaussians, 
onsidering that the radial basis fun
tions,in the hidden layer, are Gaussians. We represent the Gaussian fun
tions of the hidden layer by their meanve
tor and 
ovarian
e matrix. This way, the RBFNN is treated as a global single model, to be trained globally.We derive an expe
tation-maximisation (EM) algorithm to learn the means and 
ovarian
es of the Gaussianradial basis fun
tions, from the training set. In ea
h iteration of the EM algorithm, we simultaneously adjustthe weights of the output layer by logisti
 regression. We exploit ways to 
ombine EM and logisti
 regressionalgorithms. This way, the training of the RBFNN is performed with a global algorithm integrating EM andlogisti
 regression.Our approa
h is tested and 
ompared against the two-stage training algorithms, on syntheti
 and real datafor binary 
lassi�
ation problems. In our tests, the proposed algorithm a
hieved better performan
e with fastertraining, when 
ompared to two-stage algorithms.Introdu
tionRadial basis fun
tions neural networks (RBFNN) are widely used for 
lassi�
ation and regression problems.Sin
e their introdu
tion, in the beginning of the de
ade of 1980, several training algorithms have been proposedand developed. In this work, we present a training algorithm whi
h speeds up the training pro
edure and givesbetter performan
e than the 
onventional te
hniques.This paper is organised as follows. First, we present the RBFNN topology and then we des
ribe theexisting two-stage training algorithms. The global training algorithm is then proposed and presented in detail.Comparative results between the two types of algorithm are presented and dis
ussed. Based on these results,some 
on
lusions are presented.Radial Basis Fun
tions Neural NetworksThe RBFNN topology 
onsists of an input layer, a hidden layer 
ontaining the radial basis fun
tions and their
enters, and an output layer whi
h performs the weighted sum of the values from the hidden layer. Figure 1shows the typi
al topology of an RBFNN, 
onsidering a bias term for ea
h neuron in the output layer. Ea
h
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Figure 1: Typi
al topology of the RBFNN.1



output yi of the network is expressed asyi = g(x) = kXi=1 �iG(jjx � tijj) (1)where x = [x1; x2; : : : ; xn℄T is the input, the �i are the weights, jj:jj denotes some norm and ti are the n � 1
enters (ve
tors). Asso
iated with ea
h neuron of the hidden layer there is a 
enter ti and a Gauss fun
tionG(a) = exp��a22 �. In words, ea
h RBFNN output results from a linear 
ombination of the outputs of thehidden layer. Ea
h output of the hidden layer is obtained by applying a Gauss fun
tion to the distan
e betweenthe input x and one of the 
enters ti.Overview of existing training algorithmsConventional training algorithms for RBFNN are usually divided into two separate stages [6℄. The �rst stagelearns the hidden layer while the se
ond stage sets the output layer weights. In this se
tion, we brie
y overviewseveral two-stage learning algorithms.� Fixed 
enters sele
ted at random [1, 6℄, in whi
h 
enters are 
hosen randomly from the training set. Learnsonly the linear weights of the output layer, using the pseudo-inverse matrix (least-squares).� Self-organised sele
tion of 
enters. Centers are obtained by the KMeans [3, 6℄ algorithm and the outputweights are estimated by LMS (Least Mean Squares) [6, 9℄. The enhan
ed KMeans [2℄ algorithm, whi
hattains the optimal or near optimal solution when 
ompared to KMeans, 
an also be used.� Supervised sele
tion of 
enters. In this method, a supervised algorithm is used to learn both layers. Agradient des
ent algorithm is used with adaption formulas for the linear weights (output layer) and theposition and spreads of the 
enters [6℄.� Stri
t interpolation with regularisation [6, 15℄. This algorithm, built upon regularisation and regressiontheories, has four phases: Nadaraya-Watson regression estimate, diagonal input norm matrix (for ea
h
enter), regularised stri
t interpolation and sele
tion of 
enters width and linear weigths with LOO CV(Leave One Out Cross Validation) and GCV (General Cross Validation).� The use of regression trees and de
ision trees are explored in [12℄ and [7℄, respe
tively. Regression treesare used to set the number, positions and sizes of all RBF 
enters. A de
ision tree, 
reated by the C4.5algorithm, maps to the 
enters.� In [11℄, an EM algorithm is used on regularised RBFNN. It uses maximum marginal likelihood to thetraining data to establish 
riti
al parameters of the RBFNN for regression. The EM algorithm obtainsthe noise varian
e and prior weight varian
e, but not the basis fun
tions widths.Other training methods and algorithms have been proposed. In [10℄ regression trees and an EM algorithm areused to determine the weights, treating them as missing data, as the training data is 
onsidered as observeddata. Another approa
h is taken in [14℄, in whi
h the expe
tation-maximisation (EM) algorithm is applied tolearn the entire network, interpreting learning as maximum likelihood problem. The idea to in
orporate fullor diagonal 
ovarian
e matri
es into RBFNN appeared in [8℄, named EBF (ellipti
al basis fun
tion) networks.The EM algorithm is used to learn the basis fun
tions parameters and least squares determines the weights, onthe se
ond stage of the training. In [13℄ the basis fun
tions are seen as probability densities and the weightsas prior probabilities. The RBFNN training is seen as a maximum likelihood problem and an EM algorithm isused to learn the model parameters. Other approa
hes, interpretations and learning strategies 
an be found in[4℄.The proposed global training algorithmOur approa
h uses the EM algorithm to learn the hidden layer parameters while simultaneously updates theoutput layer 
oeÆ
ients. We analyse the RBF model as a mixture of Gaussians, 
onsidering that the radialbasis fun
tions, in the hidden layer, are Gaussians. We represent the Gaussian fun
tions of the hidden layer bytheir mean ve
tor and 
ovarian
e matrix. This way, the RBF is treated as a global single model, to be trainedglobally. We derive an EM algorithm for learning the means and 
ovarian
es of the Gaussian radial basisfun
tions, from the training set. In ea
h iteration of the EM algorithm, we simultaneously adjust the weightsof the output layer by logisti
 regression [5℄. We explore the 
ombination of EM and logisti
 regression. Thisway, the training of the RBFNN is performed with a global algorithm 
onsisting of EM and logisti
 regression.2



Expe
tation-Maximisation (EM) algorithmThe EM algorithm is applied to estimate the mean ve
tors and 
ovarian
e matri
es of the Gauss fun
tions inthe hidden layer. We interpret the RBF as a mixture of Gaussians (MOG)yi = g(x) = kXi=1 �iN (gij�i; Ci); (2)where gi is a data point, �i is the mean ve
tor and Ci is the 
ovarian
e matrix. For the Gaussian 
ase we havethe following equations for the E-Step and M-Step, respe
tively [3, 6℄.E-Step - Computes the proportion (weight) of ea
h Gaussian, over the entire set of Gaussians, with the ve
torzi = �̂s(t)N (gij�̂s(t); Ĉs(t))kXr=1 �̂r(t)N (gij�̂r(t); Ĉr(t)) (3)M-Step - Updates the estimates of the �i 
oeÆ
ients, mean ve
tors �i and 
ovarian
e matri
es Ci a

ordingto �̂s(t+1) = 1N NXi=1 zi; �̂s(t+1) = NXi=1 giziNXi=1 zi ; Ĉs(t) = NXi=1(gi � �̂s(t+1))(gi � �̂s(t+1))T ziNXi=1 zi : (4)In equations (3) and (4) we have s 2 f1; 2; : : : ; kg and N is the number of data points. All these parameters areset to some initial values: the �s 
oeÆ
ients are set to 1N , the ve
tors �̂s have small values and are di�erentfrom ea
h other, and the Cs are set to the identity matrix.Logisti
 regressionIn order to learn the logisti
 regression model [5℄, that is, to learn the logisti
 regression 
oeÆ
ients � of theoutput layer (a

ording to �gure 1), we use the Newton-Raphson step�  � + (XTWX)�1XT (y � p); (5)repeatedly, starting with � = [0; : : : ; 0℄, the m � 1 ve
tor with the logisti
 regression 
oeÆ
ients, y is a N � 1ve
tor holding the 
lass label, X is the N �m design matrix 
ontaining the training data passed trough themodel fun
tions (Gaussians, in this 
ase). The ith 
olumn of X 
ontains the ith model fun
tion applied tothe training data. Ve
tor p has dimensions N � 1 and 
ontains the values of p(xi;�)(1 � p(xi;�)), wherep(xi;�) = logit(X�), with logit(a) = (1 + exp(�a))�1. Finally, W is a N �N diagonal matrix, whose diagonalis the ve
tor p. We have also 
onsidered the 
ase ofW = 0:25�IN , (where IN is the identity matrix), whi
h is amajorant of the previous matrix. He have seen that produ
es faster 
onvergen
e when 
ompared to the previousmatrix. Note that the matrix inversion in (5) is applied on a square matrix of dimensions m, the number ofneurons in the hidden layer.The algorithmsThe idea behind the proposed training algorithms is the 
ombination of EM with logisti
 regression and learningthe hidden and the output layer parameters altogether. In this se
tion, we detail the proposed global trainingalgorithms, whi
h are supposed to be 
arried out until a stopping 
riterion is met, like a maximum numberof iterations or a given error rate, for example. The input to these algorithms are G, the (n + 1) �N matrix
ontaining the training data and its 
lass labels and k, the number of hidden neurons. The output are:� �i and Ci, the 1� n mean ve
tor and n� n 
ovarian
e matrix of ea
h Gaussian, i 2 f1; : : : ; kg.� � - the (m+ 1)� 1 output layer 
oeÆ
ients.EM-Log Algorithm. Step 0 - Initialisation�i  random values in the range [�1; 1℄; Ci = In; � = [0 : : : 0℄; i 2 f1; : : : ; kg.3



. Step 1 - TrainRepeat steps 1a) to 1e) until stopping 
riterion is met:1a) Compute the proportion of ea
h 
enter: zi = �̂sN (gij�̂s;Ĉs)Pkr=1 �̂rN (gij�̂r;Ĉr)1b) Compute the weights of ea
h 
enter: �̂s = 1N PNi=1 zi1
) Update the mean estimate: �̂s = PNi=1 giziPNi=1 zi1d) Update the 
ovarian
e estimate: Ĉs = PNi=1(gi��̂s)(gi��̂s)T ziPNi=1 zi1e) Update the logisti
 regression 
oeÆ
ients: �  � + (XTWX)�1XT (y � p)EM-Log-Link AlgorithmThe EM-Log-Link algorithm is like the EM-Log algorithm, adding a new step after 1e), named 1f) de�ned as�i = j�ijPki=1 j�ij ;meaning that the EM �i 
oeÆ
ients for the next iteration are updated a

ording to the logisti
 regression
oeÆ
ients.ResultsIn this se
tion, we 
ompare EM-Log and EM-Log-Link with following two-stage algorithms:� KMeans+LS - KMeans followed by Least Squares [5℄.� KMeans+GR - KMeans followed by Global Ridge Regression [5℄.� EM+LS - The output layer 
oeÆ
ients are updated by Least Squares, only on
e, after EM terminates.� EM+Log - The output layer 
oeÆ
ients are updated by Logisti
 Regression, only on
e, after EM termi-nates.We 
onsider the 
ase of binary 
lassi�
ation, with a network topology of n=2, k=4 and m=1, as shown in�gure 2. This network is trained with the two-stage and the global stage algorithms. In order to a

ess the
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Figure 2: Topology of the network used for binary 
lassi�
ation.generalisation ability of the networks, we have also produ
ed a test set, a

ording to the training set. The�rst test set 
ontains 400 points in two dimensions, from two Gaussian 
lasses (200 points per 
lass), while thetraining set has 200 points (100 per 
lass). The data points, with 
lasses marked with '+' and 'o' along withthe 
lassi�
ation results, on the test set, are shown in �gure 3. The KMeans and EM algorithm have the samestarting point: the initial 
enters for KMeans are equal to initial estimates of the mean ve
tors by EM. Weevaluate the networks on the test set. Using k=4, and after 10 iterations both algorithms a
hieve 0 errors on thetest set. Note the di�erent 
lassi�
ation areas, given by the level 
urves: for KMeans and the 
lassi
al RBFNNwe have a radial 
lassi�
ation area, while for EM we have ellipsoidal areas, a

ording to the 
ovarian
e of thedata points.Now we 
onsider another syntheti
 data set, with 100 data points on the training set and 200 data points onthe test set. Figure 4 shows the 
lassi�
ation results, on the test set, after 15 iterations, with k=6. We 
on
ludethat the EM-Log-Link algorithm a
hieves zero errors while KMeans+LS attains 15 
lassi�
ation errors. Othertests, showed that in the 
ase of training data with uniform distribution, there is no appre
iable di�eren
es be-tween the algorithms. In the Gaussian 
ase, the proposed algorithms are slightly superior. Finally, in situations4
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Figure 3: The training and test data sets and a 
omparison between the 
lassi�
ation obtained by KMeans+LSand EM-Log-Link.
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Figure 4: The test data set and the 
lassi�
ation results obtained by KMeans+LS and EM-Log-Link.as those reported in �gure 4, the proposed algorithms 
onverge faster, spe
ially the EM-Log-Link algorithm.Using the Ripley dataset, whi
h has a Bayes error of 8%, we 
ompare the two stage algorithms with theglobal algorithms, evaluating the number of 
lassi�
ation errors on the test set. Using a topology with k=6we get the results depi
ted in �gure 5, after 2 training iterations. In this test, the EM+LS algorithm attains
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Ripley Test EM−Log−Link − 97 errors 9.7 %

Figure 5: Comparison of EM+LOG, EM-Log and EM-Log-Link on the Ripley test set.the same error rate as the EM+LOG algorithm. The EM-Log-Link algorithm performs slightly better than theEM-Log algorithm. 5



Con
lusionsWe have presented a global training algorithm for RBFNN, integrating EM and logisti
 regression; we haveexplored two methods to 
ombine these two 
omponents. A 
omparison between the proposed algorithm andthe 
onventional two-stage training algorithms was 
arried out for binary 
lassi�
ation on syntheti
 and realdata.We 
on
lude that the proposed global algorithm a
hieves faster training and better performan
e than thetwo-stage 
onventional approa
h. In the 
ase that 
lasses do not follow an uniform distribution, the proposedalgorithm attains its best results. For the Gaussian 
ase, our algorithm attains its best results when 
lasseshave di�erent 
ovarian
es with di�erent orientations.One 
riti
al issue is the initialisation of the mean ve
tors and 
ovarian
e matri
es. In this implementation,the mean ve
tors were initialised with a Gaussian distribution with zero mean. For the 
ase of 
ovarian
ematri
es, we found that they should be initialised with small values; we 
hose the identity matrix. Future workin
ludes the generalisation of these algorithms for regression.Referen
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